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1 Introduction.

We condider coupled networks of neural spiking cells whose dynamivcal behavior is governed, at the individual
level, according to conductance-based neuronal models. The complete system is made of a set of networks. Cells
in a given network have the same dynamical features but these later may vary from one network to another
one. The neuronal models of the basic units enable the characterization of the states of the individual neu-
rons and in particular provide the means to determine the times of occurence of spikes. In addition to sets of
dynamical variables consisting of activation and inactivation variables for ionic channel and calcium concentra-
tion, the individual neurons are endowed with a spatial structure in the form of a dendritic tree attached to soma.

The networks we consider are large and, moreover, are subject to noisy disturbances of the white noise type.
We have shown in [6] that it is possible to construct a mean field theory for such systems. In fact, in [6], the
neural systems are punctual. Here we generalize the framework of this kinetic theory to neural systems with
a dendritic tree structure. This mean field theory makes it possible to construct, for these coupled networks,
a system of non-linear, partial integrodifferential equations for the probability distributions of all the dynamic
variables of the system (membrane and dendritic potentials, ion channel and connection variables).

The gain in computing time, in numerical resolution of these systems, in the transition from a very large
number of coupled stochastic equations controlling individual dynamics to a smaller number of equations for
probability distributions can be important. This analysis is developed here firstly within the general framework
of any number of coupled networks. Then, an example of application of this method which treats the mammalian
basal ganglia system is presented. The latter is made up of up and down spiny neurons of the striatum, the
internal and external globus pallidus networks, the subthalamic nucleus, the substantia nigra pars compacta
and finally a group of fast spiking interneurons from the striatum. The system of integrodifferential equations
for the probability distributions of this set of networks is presented. Numerical resolution is then carried out
for some of its subsets. The objective aimed here is to show that modeling including a significant part of the
biologically plausible characteristics of cells can be proposed in the case where the neuronal populations are of
large size, this being able to be done without having recourse to the necessity, difficult to apprehend , usually
encountered, of solving huge systems of coupled (stochastic) differential equations.



2 A dynamical system for coupled large-scale biologically plausible
neuronal networks.

We consider coupled neworks of spiking cells whose dynamical behavior is governed, at the individual level,
according to conductance-based neuronal models. The complete system is made of P networks of cells, where
all neurons in a given population &2,,v = 1,2..P have the same dynamical features but these later may vary
from one population to another one. In what follows, the number of cells in &2, is called K,.....

2.1 The cellular model in &2, m, dimensional ionic variables, d, dimensional
compartmental dendritic arborescence structure.

In this section, we define the neuronal models which are the basic units of the networks. Such models enable the
characterization of the states of the individual neurons and in particular provide the means to determine the
times of occurrence of spikes. In addition to m., dynamical variables consisting of activation and inactivation
variables for ionic channels and calcium ion concentrations, the individual neurons are endowed with a spatial
structure in the form of a dendritic tree attached to a soma. A typical form of the dendritic trees, which is
ascribed a dimensionality d, is shown in Fig.1. The state variables of each cell; i =1,2,.. LK, in &, are
its membrane soma potential V;”, a m.-dimensional set of recovery gating variables 1:27 which control the ionic
channels activity and a d.-dimensional multicompartmental vector }73 which describes the potential values in
the various parts of the arborescent dendritic structure. We call I"(V,", Y7, R}) (resp. Z(V;", Y7, RY) ) the
sum of ionic, active channels and passive leak, transverse (resp. transverse and longitudinal) currents across
(resp. across and along) the membrane of the soma (resp. multicompartments dendritic tree) of the i* cell
in &,. Moreover, the dynamical laws for variables ]:EZ are defined in terms of a m. dimensional vector valued
function \fﬂ(\/f’,f/;’,fﬁ). The synaptic inputs on cell; which are distributed on the soma and the dendritic

compartments are denoted I (t) and I%7 (t). External currents may also be applied on somas and dendritic
7,5Yn i,5Yn
It

compartments of all cells of the network. They are composed of a deterministic part (17, and I7)] ) and a
stochastic part. Finally, the dynamic system controlling the activity of the cells of the system has the following
form, C7 (resp. C] )being the transmembrane capacitance of the somas (resp. dendrites).
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where nzt is a white noise such that
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Moreover, d;; is the Kronecker symbol, §(-) is the delta distribution and 3 i =1,2,..., K, are noise parameters.

We assume that the deterministic parts of the currents and the noise parameters are the same for all neurons
in each given population.
In the following, the system of (stochastic) coupled differential equations (1), (2), (3) will be called SCDE.

2.2 The dendritic structure.

Let us introduce the dendritic function é“’(Vﬂ,?;’,ﬁZ) which appears in (2), for an arbitrary cell, in an
arbitrary population &,y = 1,2..P. The index ¢ is therefore omitted. The potential at the trigger somatic
zone is denoted by V7. The m,-dimensional set of recovery gating variables is denoted R Finally, we call Y
a d,-dimensional multicompartments dendritic potential vector. The vector Y7 has the representation

Y? = ({}/l?}zl, {}/i’lyiQ}iliw veny }/i’fig...ik}ililnik’ ...),il = 1...Q1,i2 = 17 2217i3 = 1, ?Al,iQ’ ... The nearest
(connected to the trigger zone compartment) first level compartments, are represented by YJ7 i1=1,2,...,Q"

where Q' is the number of these compartments. In Fig.1,Q' = 3. The notation i}i’lin,?:Q =1,2,...,Q7 is used

for the compartments which are connected to this fist level compartments. In Fig.1, Q7 = 2,Q3 = 2,Q3 = 2.



Higher branches are similarly characterized (Q3; = 3, Q3, = 3,Q3; = 1, and so on). For a model with maximum
number of branching levels B, the compartmental variables at this level are called ng . In Fig.1, B =5.
Transmembrane conductance of compartment iis...75 is denoted «;,4,. ;.. Junctional conductances between
compartments iyiz...ix and i14z...ix41 are called iy, 4, i100...0041 -

Using these notations, for a compartment which is neither the soma nor a terminal one, we have

d ~ ~
¥ _ ) Y ¥ _ v
%Yzm Qe —Qyg,.. 1kYzlzg +C1122 Ag—1,8112.- (Yzm Ge—1 Yzlzg k)
(5)
k+1
QiliQ...ik
§ (YT v Teh Y By
+ Clllz---2k71112---lk](Kliz...ikj }11112 k) +Izlzz k(i/;liz...ixﬁR )
=1
For the proximal compartments, xxxx.
Introduce capacitance, xxxx
For the K terminal compartments, one has
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To be reviewed here: xxxxxFinally, the sum N (V7| )N/'Y) of all longitudinal currents coming from the proximal
part of the dendritic tree to the soma has the following form

V’y Y’y Z all - fYV;’Z/CZl) (7)

i1=1

This current contributes to IW(VV,}N/"’,EV) considered in (1). In (5) (resp. (6)), I Zk(VV,E”’) (resp.

2122..
Tech o ’\,y . . . . .. .
Ig%. 5, (V7 RY)) is the ionic channels active transfert current accross compartment iyis...ix (resp. iig...ip). In

(7), C;, is the capacitance of compartment i; = 1...Q*. The right side of (5), (6) constitute the building block
of the function =7 (V" Y7, R]) which has been introduced in (2).

Figure 1 — A typical multicompartments structure

2.3 The inhomogeneous time dependant synaptic interactions model in the system
of connected networks &,y =1,2..P.

For the jt* cell in Z,,v = 1,2..P, we introduce 3 types of synaptic variables. Some of these variables, which
are called Sj’” and S]C-l"y, where s and d refer to the soma and dendritic structure of the cell, are useful for
the description of the various neurotransmitter mechanisms occuring in the contacts. In the following, we deal
with well known neurotransmitters present in cortical neurons and the basal ganglia structure, like glutamate
(Glu) y-aminobutyric acid (GABA), acetylcholine (ACh) and dopamine (DA). We introduce also another type
of synaptic variable which is called fb;.y, for the j'" cell in &2,. These variables are introduced in order to have
some control on the dynamical change of the maximum amplitudes of the synaptic conductances which may
occur in cells which will be considered later, like the spiny neurons in the striatum nucleus. The general form



for the synaptic currents occuring in the soma body and dendritic compartmental arborescence of the ith cell
in 2., I77 (t) and I%7 (t), is the following
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In (8) and (9), W*Y, W% are given synaptic potential valued parameters, I'*:%(":®) which are maximum
amplitudes of the synaptic conductances, are functions of synaptic variables ®; and ®%. In order to specify the

way in which the synaptic variables S}, S;M and @] evolve, we introduce the sigmoidal function ogd which is

defined in terms of the parameters U5" and 554
o5 (u) = (1+ 7P mU) = (10)

In (10), the variable u can designate the membrane potential of soma or that of a dendritic compartment.
We introduce the following functions Zs’d*o‘(Vjo‘, Y?‘) of the soma potential V*, and the dentritic potential Y
of the j' presynaptic cell of the network #,.{Y*}, means the k" dendritic compartment of the cell.

da
gs,d,a(‘/ja’ }7?) :Xs,d,ao_gd(‘/ja) + Z T[i,d,aagd({)/ja}k) (11)
k=1
a=1,2,...,P j=12... K,
In (11), x*>*, 7, (resp. Xd’a,r,‘j’a) are real parameters which are affiliated to presynaptic somas (resp.

dendritic compartments). These %% functions are introduced in order to detect presynaptic events linked
to an activity of sufficiently high amplitude compared to the values of the equilibrium membrane potential.

Figure 2 — A rough picture of the connexion model

The dynamical law for the synaptic variables S;** and S;i’a is postulated of the form
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The coupling coefficients T'*%(7:) in (8), (9) are variable over time and depend on the state of the pre and
post synaptic cells according to the following Hebbian form

rede) (@) §9) = Jo ) ) Y (13)

The variation of the synaptic variables ®), v =1,.., P is modeled in the following way
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In the case where these functions Q2 = 0, the variables ®] are in fact constant, therefore the coupling coef-
ficients between cells are constant. These networks have a homogeneous structure. In the case where Q¥ # 0,
the networks are inhomogeneous, the coupling coefficients are variable over time. In summary, the synaptic
currents in the formulas (8), (9) have an evolution associated with the states of the membrane potential of the
pre and post synaptic cells of the coupled networks, this evolution being also associated with the variations of
the other synaptic variables introduced which verify the equations (14).

Actually, all synaptic dynamical laws defined in (23) and (14) may be rewritten in a more concise form, with

Qg = (55,87, %) and O = (Y=, T4 Q)
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2.4 The mean field approach for coupled networks &, v =1,2..P.

We have shown ( [6]) that it is possible to construct a mean field theory for large-scale neural networks of the
type considered in the previous sections, whose monocellular characteristics are described by conductance based
systems and whose inhomogeneous synaptic interactions can evolve with time. Actually, in [6], the neuronal
model is punctual, with no dendritic structure. We now generalize the framework of this kinetic approach to
neural systems with a dendritic tree and more elaborate synaptic connexions.

The variables Z} = (V,Y},R},Q}), Z] € Rb*tmatd k=12, K, v =1,2,...,P, are called state
variables of the system.

Let us define F7, .#7% and (7 by
FUZY) = (1/CHL (VYT RY) + I}, (L/OD{EV (Vi YT, R)) + I (1)},

ext
VYR, €1V Y,QD) (16)
MNZY, Z5) = (1/C) >0 ef (W) — V)55,
(1/CI O] @ (W) —¥T)S1,0,0)
b= (nzt,ﬁ, 0,0)
0 (resp.0) being the null vector in R% (resp.R™). The vectors F7, .7 and (7 belong to R% ™4 With

these notations, the dynamical system describing the activity of the neural system constituted by P connected
networks &2,y =1,2..P is the following:
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In order to elaborate the kinetic theory of the system, we first define a concept of neural probability dis-
tribution for each network%?, and derive a system of coupled non-linear, integropartial differential equations
(IPDE) for these distributions. The solutions of these systems of equations called McKean Vlasov Fokker Planck
(MVFP) are useful for obtaining statistical measures describing the activity of these networks in the case where
they are of large size.

Let us denote n/ (U) the neural population probability distributions (PPD) for the networks 22,y = 1,2..P,
these distributions satisfy the following system of IPDEs (see Appendix 5)
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U =W, y,rq), v eRq = (7,7 ¢) € R3, y € Rl 17 € R™=. (20)



The variable v (resp. ¥, T, ¢) has soma potential (resp. compartmental dendritic potential, ionic channel gating,
synaptic) meaning for cells in &2,. Let us write the equation (18) in terms of the functionals introduced in (16).
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The coupling terms have been written in terms of expectations Ef* of functionals evaluated in the state space
Rdatmatd gt time t.

B2 (05°d) = /R g s (0 7 (22)

3 The mean field for the basal ganglia network.
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Figure 3 — A rough picture of the basal ganglia network, ref

The dynamical law for the synaptic variables S;** and Sjc-l’o‘ is postulated of the form
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a=12,....P j=1,2,... K,

In the following, the general system of MVFP equations for large-scale interacting networks of biologicaly
neurons, which has been presented in section 2.4, is applied for a model of basal ganglia XXXXXXXX. Although
the system is in principle dedicated to dendritic architectures of any dimension (this in the context of the
multicompartmental approximation), this organization will be reduced for certain cells of the networks that we
will consider, to a very simple description consisting of a single dendritic compartment associated with a soma
and its axon, for other cells, the dendritic structure will only consist of a very limited number of compartments
whereas for other cells, the will consist only of a soma and its axon. On the other hand, another simplifying
hypothesis will be made at the level of the dynamics of neuromediator transfers. A general model is proposed
for these dynamics, the parameters which characterize them which vary according to the mediators considered.
The basal ganglia organization model that we are considering also calls for simplifying hypotheses. The proposed



scheme is however considered useful (refs) in the understanding of many mechanisms putting the nuclei of this
system into action. This later includes:

e 7, the subset of striatum (Str) cells which express the D1 dopamine receptor
e 5, the subset of striatum (Str) cells which express the D2 dopamine receptor
e P53, the internal globus pallidus (G P%)

e Z,, the external globus pallidus (G Pe)

e Z5, the subthalamic nucleus (STN)

e g, the substantia nigra pars compacta (SNc)

o 7, fast spiking (F'S) interneurons connected to D1 cells

o Py, fast spiking (F'S) interneurons connected to D2 cells

The general current goes from the cortex to the basal ganglia, where the striatum constitutes the entry path
while the GPi is the main exit points to the ipsilateral motor thalamic nuclei VA and V L, which returns to
the premotor cortex (and additional motor area) responsible for programming the movement.

The wiring among these nuclei is usually described in the following terms [32] ,see also Fig. 4.

a) The striatopallidal pathway is a GABAergic, inhibitory connection between the striatum and both seg-
ments of the globus pallidus, GPe and GPi. The medium spiny neurons (M SN) make up a large part of the
striatum. These M SNs have radially projecting dendrites that are densely studded with dendritic spines ( [8]).
These projection neurons of the striatum have two different peptide transmitters being co-localized to define
two sets of M SNs, which are called above &5 and &75. The first of these groups of M SNs project directly to
the GPi while the other group of M SNs projects to the G Pe.

b)The nigrostriatal pathway from SNc¢ makes a dopaminergic synapse onto striatal neurons. This is a mixed
pathway, with excitatory effects on D1 striatal neurons and inhibitory effects on D2 striatal cells.

c)The GPe segment makes a GABAergic, inhibitory connection to the STN.

d) The STN makes glutamatergic excitatory connections onto the GPi.

e) The F'S interneurons XXXXXXX

In what follows, we will focus more specifically on the role played by this system in processing cortical
information of a general nature and its structure at the output of the GPi. We will not consider the processing
of this final signal by the cortico thalamic unit.

3.1 Two pathways process signals in the basal ganglia

There are two important pathways through which striatal information, coming from the cortex, reaches GPi -
the direct pathway and the indirect pathway.These two pathways have opposite effects on motor activity and
help explain many clinical symptoms of basal ganglia diseases.

e Direct pathway.

In the direct pathway, striatal cells project directly to GPi. Using this pathway results in an increase in
the excitatory drive from VA and VL to cortex. Actually, cells in GPi have inhibitory action on thalamic
nuclei, through GABA transmitters. Striatal cells, which are activated through glutamergic transmitters from
cortex, also have an inhibitory action, in this pathway, on the G Pi, through GABA trnsmitters. This results
in a decrease in the inhibitory activity of GPi on VA/V L, which acts as an excitatory (or dis-inhibition)
effect. Finally, activation of this pathway leads to increased firing of the cells of VA/V L and therefore of
those of the motor cortex, see Fig. 5.

e Indirect pathway.
In the indirect pathway, cortical fibers excite striatal neurons that project to GPe. The increased activity of
the GABAergic striatal neurons decreases activity in GPe. The GABAergic cells in Gpe inhibit cells in STN,
so the decrease in activity in G Pe results in less inhibition of cells in ST N. That is, subthalmic neurons
are dis-inhibited and increase their activity. The projection from ST N to G Pi is excitatory, so the increased
activity in the subthalamic nucleus results in more excitation to cells in GPi. Thus, the end result of actions



(a) Schematic representation of the direct and indirect
pathways in the basal ganglia circuit and dopamine pro-
jections.  Neurotransmitters : Glu (Glutamate), DA
(Dopamine), GABA ( Gamma-AminoButyric Acid).
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(b) Simplified organization of the basal ganglia connectiv-
ity. Exc (resp. Inh): excitatory (resp. inhibitory) connex-
ions. Regulation from SNc on D1 and D2 dopaminergic
receptors in striatum.

Figure 4 - XXXX.
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Figure 5 — XXXX.

of the indirect loop is an increase in activity of the GABAergic cells in GPi that project to VA/V L namely
an increase in inhibition of the thalamic neurons.The indirect pathway turns down the motor thalamus and,
in turn, motor cortex. Thus, it turns down motor activity, see Fig. 5.

e Dopaminergic modulation of direct and indirect pathways.

Striatal neurons are modulated by two important dopaminergic neuro modulatory systems. Each of these
systems differentially affects the direct and indirect pathways, thereby altering their balance and the amount
of motor activity that is produced. Dopamine is produced by cells in the pars compacta of the substantia
nigra pars compacta (SN¢). Nigrostriatal axon terminals release dopamine into the striatum. Dopamine



has an excitatory effect upon cells in the striatum that are part of the direct pathway, via D1 receptors.
Dopamine has an inhibitory effect upon striatal cells associated with the indirect pathway, via D2 receptors.
Thus, the direct pathway (which turns up motor activity) is excited by dopamine while the indirect pathway
(which turns down motor activity) is inhibited. Both of these effects lead to increased motor activity, see
Fig. 6.

Motor Cortex Cortex

Corticostriate

Motor Cortex Cortex @ Striatum

agﬁ‘é Substantia Nigra
B (pars compacta)

0ic
subfu‘g:..s
J
N ' Muscles
Muscles
(a) Dopaminergic paths. (b) Fast spiking interneurons (FST) paths.

Figure 6 — XXXX.

e Action of F'S interneurons on direct and indirect pathways.

XXXXXXX

3.2 The dynamical systems for the various basal ganglia subnets.

In this section, we describe the various ingredients introduced in general equations (16) allowing to analyze the
dynamics of the networks of the basal ganglia made up of the networks &2,y = 1,2..8. In a first step, the
dynamical models of the individual cells in each &2, are presented.

3.2.1 The model of D1 and D2 medium spiny neurons (MSN) of the striatum ( [2], [4]) (networks
91 and @2).

The networks £2; and &5 consist of medium spiny neurons (M SN) of the striatum which represent the major
part of this nucleus in the subcortical basal ganglia of the forebrain. The essential feature of these cells is the
alternating variation of membrane potential between a rest level (down) state and a more depolarized level (up)
state ( [3]). The M SNs being GABAergic, they inhibit their targets of SNpc (£71). As inputs level on M SNs,
one has datas from the cerebral cortex and informations by dopaminergic pathways from the SNpc. Indeed,
MSNs have dopamine receptors. The latter inhibits the M SNs (type D2) in the indirect way and excites the
MSNs (type D1) in the direct way.

e Model for soma potential dynamics. The temporal evolution of M SN cells is described by a cellular model
of the same type as that developed by Gruber, Solla, Surmeier and Houk ( [2]). We have added to this
model a dendritic structure which is treated according to a multi-compartmental approach (see section 2.2).
Three dendritic compartments are considered. A proximal, connected to the soma, for which the membrane
potential is described by the variable y;. Two other compartments are connected in parallel to the proximal,
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Figure 7 — A schematic representation of the connectivity system of a spiny neuron in striatum.

for which the potential variables are denoted y;1; and y12. Using the notations introduced in section 2.1,
¥ = (y1,%11, Y12)-

As in ( [4]), the membrane of a MSN soma is modeled with Hodgkin Huxley type dynamics for active
ionic currents. Goldman-Hodgkin-Katz type dynamics (GHK) are used for calcium currents.They are called
I, _cq, are linearly dependent on the concentration of intra- and extracellular calcium [Cal;, and [Caleyt,
and not linearly dependent on the membrane potential. Two types of ionic currents are considered, Ix;, and
Ik s; for which the conductances are potential dependent. It is also introduced a leakage current I; with
a constant conductance. Finally, in order to describe the spiking activity, for variations of the membrane
potential of MSNs in the up state, it is proposed here the introduction of Sodium and Potassium currents
Ing and I which are treated in the classical Hodgkin Huxley formalism.

For this model, the number of variables describing the voltage-gated ions channels activity is mo = 3.

These variables are the action-inactivation variables which are denoted m,n,h and which are useful for the
description of Iy, and Ik currents. We call 7 = (m,n, h). The sum of ionic, active channels and passive leak,
transverse currents across the membrane of the soma of M SNs cells I'(v, y1,7) has the following form, with
ga1(y1 — v) being the longitudinal current coming from the proximal compartment

I*(0,91,7) = —(Ixir (V) + Txsi(v) + To—ca(v) + Ina(v,m, h) + Ik (v,n) + IL(v) + gar(y1 — v) (24)

k=12 (25)
with
Ixir(v) =gxir(v — Exir) /(1.0 4+ exp(—(v — Vi1) /Ver))
Irsi(v) =gk si(v — Exsi)/(1.0 + exp(—(v — Vaa) /Ve2)) (26)
Ir(v) =gr(v — EL)
Ir—ca(v) =7(v)Pr—ca(v)

where y(v) = (22F?v/RT)([Ca); — [Caleziexp(—2Fv/RT))/(1 — exp(—2Fv/RT)).

v is the membrane potential of a MSN cell, z is the valence of the Ca™™ ions, F' is Faraday’s constant,
T is the temperature, R is the gas constant.[Ca); (resp.[Caleqt) is intra (resp.extra) cellular Calcium ions
concentrations and the voltage dependent membrane permeability is given by

PLfca(U) = PLfca/(LO + G.Tp(—(’l) - VCafh)/VCafc)) (27)
In relations (26)-(27), Fkir, Fxsi and Ep, are reversal potentials, gk, Gisi, g1, are maximum conductances,
Vi1,Ver, Ve, Vea, Voa—n, Voa—e are constants. Pr,_ ¢, is the maximum permeability.

Moreover, the Sodium and Potassium currents, In, (v, m,h) and Ik (v,n), are such that

[Na(v7 m, h) :./g\Nam3h('U - VNa)
Ix(v,n) :ﬁKn4(v —Vk) (28)



while (I\/k(v,?), k = 1,2 which controls the voltage-gated channels dynamics, are the 3-components functions
which have the following structure

\I/f(v,?) =qa;(v)(1—x;) — Bi(v)xs i =1,..,3 (29)
X1 =m,X2=n,X3=nh
k=12

see 77 for the definition of «;(v), 5;(v), i =1,..,3.

The MSN cells have the particularity of having two operating states, an up state, for which the membrane
potential variation is in the neighborhood of —60mV, where a spiking activity can take place and a down
state, for which variations are around —85mV .The process of passage from one state to another, under the
action of synaptic perturbations, can be analyzed by first considering the single-cell dynamics. For a given
constant synaptic conductance gy, corresponding to an input current Iy, = gsyn(v — Es), where Eg is a
fixed reversal potential, first of all the stationary values Vg, of the system (26)-(27) are determined, to which
the input has been added. These values should check the relationship

j(‘/stat) :IKir(Vstat) + IKsi(‘/;tat) + ILfca(Vvstat) + /gNamoo(‘/;tat)ghoo(‘/;tat)(vstat - VNa) (30)
+ Grcnoo (Vitar) ! (Vitat = Vic) + I (Vatat) + Gsyn(Vitat — Es) =0 (31)

where Moo, Moo, hoo are asymptotic values of m,n, h. Fig.8 shows the behavior of % (v) for different values
of goyn- FOr goyn = Gmin and gsyn = gmaa, the curves are tangent to the v axis. For gmin < gsyn < Gmaz>
the relation (31) has 3 solutions, 2 of which correspond to stable equilibrium points and 1 an unstable
equilibrium.The diagram of equilibrium points according to parameter gy, is shown in Fig.8. It indicates a
bifurcation between states with low equilibrium values (down states) and states with higher values (up states),
when g, varies.The system is now subject to synaptic inputs ¥,,,(t) with strong temporal variations in a
domain near the [gin, gmaz] interval. A typical example of synaptic signal is shown in Fig.8.

The synaptic input model %, (¢) is built in the following way. First, a temporal division {t;} i = 1, .., Njy, is
built such that At; = t;11 — t; = ¢ where ( = %(0,9) is a continuous random variable uniformly distributed
on [0, d]. Let I'(t), a continuous function, whose variations are bounded. Using the temporal division {¢;} i =
1, .., Ninp, we construct a set of values {ampli = Gmin + (1/2)(Gmaz — gmin)(1 + T(t;) + 5)}1‘:1...,an;, where
& =% (0,¢). Dsyn(t) is then obtained by linear interpolations between the values {ampl;}i=1, . n,,,. In Fig.8,
I'(t) = T'maz(sin(wit) + cos(wat) + sin(wst)) where w; = 27/T;, i =1,..,3.

The response of an MSN cell to this kind of input is shown in Fig.8 where a switchover occurs alternately

from an up state (possibly producing spikes) to a down state as variations of ¥, (t) occur.
See Appendix 4 for the values of the various parameters used in the M SN cells simulations.

e Model for dendritic potential dynamics.

In the dendritic model of potential activity which is presented below, only the proximal compartment is
provided with ion channels having potential dependent active properties. These channels are of the same
type as those considered for soma. The associated current is therefore

Iy, 7) = —(Ikir (1) + Trsi(y1) + Io—ca(y1) + Ina(y1, m, B) + I (y1,n))

The set of passive, transverse and longitudinal currents across and along the membrane of the dendritic
compartments, as well as the active properties across the proximal compartment, is described by the three
dimensional vectors Z* (v, 7,7), k = 1,2 whose components are.

(1]

1(0,9,7) = = gar(y1 — v) = (9a + garr + gar2) (1 — Er)
+ 9411 (Y11 — EL) + gar2(yr2 — Er) + I (y1,7)
(v, 4, 7) =ga11(y1 — Er) — (9a + ga11)(y11 — EL) (32)
Er) — (ga + gai2)(y12 — Er)

[1]

k _
2
K(0,7,7) =gar2(y1 — Er) —
E=1,2

[1]

The parameters E}, are equilibium values and gq4, g41, ga11, ga12 have the following meaning, (see 2.2). gq is the
capacitance, assumed identical for each compartment, for the transverse current through these compartments.
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ga1 is the conductance for longitudinal current between the proximal compartment and the soma, gq11, 9412
are conductances for longitudinal current between each parallel compartment and the proximal one.
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Figure 8 — Dynamical behaviour of one isolated MSN cell subjected to corticostriatal synaptic inputs, modified

from Gruber et al. ( [2]).

3.2.2 The Guo Rubin model ( [5]) of the neuronal states in internal, external globus pallidus
and subthalamic networks GPi, GPe and STN (%5..%%).

The dynamics of the GPi, GPe and STN cells that make up the %3, &, and &5 networks are governed by
conductance-based , single -compartment systems originally developed by Guo and Rubin ( [5]).

e Internal globus pallidus neurons in GPi ().
For the model that describes the activity of GPi cells, the variables h,n, u,[Ca] are needed to describe the
voltage-gated ion channels including calcium activity. We call 7 = ([Cal, h, n,u).The sum of ionic, active
channels and passive leak, transverse currents across the membrane of the soma I°(v,,7) of the GPi cells
have the following forms:

with

P(v,7) = —(Ina(v,h) + I (v,n) + I7(v,u) + Ica(v) + Lagp (v, [Ca)]) + I1(v)) (33)

INa(U’ h) =gna Moo(v)® b (v — Vi)
Ixc(v,n) =gk n* (v —Vk))
Iz (v, 1) =gra00(v)” u (v~ V) (34)
Ia(v) =gcas0o(v)* (v — Vo)
Lamp(v, [ al) =ganp ([Cal/([Ca] + k)) (v — Vi)
Ir(v) =g (v— V1)

Moreover, @3(11,?) which controls the voltage-gated channels dynamics, is the 4-components function which
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has the following structure

with
Xoo(v) =1/(1 + e~ Wm0x)/ox) (36)
X =h,n,u,m,a,s

x () =1% + 7%/ (1 + e~ 0X/%) X = p.p

|
Figure 9 — Bursting activity of isolated G Pi cells under external irregular input currents
from Guo and Rubin ( [5]).
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e External globus pallidus neurons in GPe (Z4).

The activity of GPe cells is treated using the same variables and equations as for G Pi cells, with the same
parameters. Thus, the sum of ionic, active channels and passive leak, transverse currents across the membrane
of the soma I*(v,,7) of the G Pe cells have the following forms

14(’[},?) = —(INQ(U, h) + IK(v,n) =+ IT(’U,U) + Ica(’u) =+ IAHP('Ua [C’a]) + IL(’U)) (37)

e Subthalamic nucleus network STN ().

The dynamics of ST'N cells is modeled by the same system of equations as that corresponding to the networks
GPi and GPe, except for the current Iz and the parameter 7,(v) ) which is a constant for the cells of GP:
and GPe in (36) and which is not constant for the cells of the ST N. These new parameter functions are

I (v, 1) =970 (v)° boo (1) (v — V)
Tu(v) =) + 7 /(14”707 (38)
with
boo(u) =1/(1+ e*(ufob)/vb) -1/(1+ 679”/””) (39)

See Appendix 4 for the values of the various parameters used in the GPi, GPe and ST N network simulations.

3.2.3 The Li Bertram Rinzel model ( [1]) of dopaminergic bursting cells in the Sbustantia Nigra
pars compacta (network 9%).

The network & is built of dopaminergic cells in Sbustantia Nigra pars compacta (SNc¢) whose dynamical
behaviour is governed by a system which is adapted from a model orginally developed by Li, Bertram and Rinzel
( [1]). It is made of two compartments, a soma compartment and a dendritic compartment that represents the
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distal dendrites, lumped together. So, in this case, dg = 1. For this model, the number of variables needed

to describe the voltage-gated ion channels activity is mg = 6. These variables include the concentration of

Calcium [Ca] in the soma, the concentration of Sodium [Na] in the dendrite, action-inactivation variables

denoted h,n,mr,hp. We call ¥ = (h,n,mp, hr,[Cal,[Na]). The sum of ionic, active channels and passive

leak transverse currents across the membrane of the soma I°(v,y;,7) and across the membrane of the dendrite
(v y1,7), have the following forms

I%(v,y1,7) = — Ing,s(v, h) — Ica—1 (v, mr, hr)

—Ikprs(v,n) — Ix(ca) (v, [Ca]) = ge/PDA(V — Y1) (40)
E%v,y1,7) == Ixkprp(W1,m) — INnvpa(y1)
= Ipump([Na]) = I (y1) = g¢/(1 = ppa)(y1 — v)
with
Inas(v, h) =gna moo(v)3 h (v —"VnNa)
Ica—r(v,mr, hr) =gcar m7 hr (v — Vea)
Ixprs(v,n) =gk prs n° (v — Vi) (41)
Ix(ca)(v,[Ca]) =gk (cay ([Ca]*/([Ca]* + K¢,)) (v = Vi)
Moo (v) = 1/{(1 + exp(—(v + 35)/6.2)}
and with
Ixprp(Y1,m) =gk pRD N* (Y1 — VK)
INvpa(yr) =Condnypa(yr) (yi — Vmpa)
Condnypa(y1) =gnvpa{l+ [Mgt+]o/Kng exp(— y1/¢])}
Tpump(INa]) =Rpump(L'([Na]) — [([Na], eq)) (42)
[([Na]) =[Na]*/([Na]’ + K)

Ir(y1) = g(y1 — Vi)

Moreover, @6(11, y1,7) which controls the voltage-gated channels dynamics, is the 6-components function which
has the following structure

Vo (v, y1,7) =a{ = Ina,NnmDAWY1) — 3Lpump([Na]) } (43)
US(v,y1,7) = — Blca—r(v,mr, hr) — kco[Cdl (44)
Ul (v,y1,7) =1/7:(V) (Weo i (v) — w;) i =3,..,6 (45)
wg = h,ws = n,ws = mp,wg = hr
with
Inanvpa(Y1) =gnanmpa{l + Mgt o/ Ky €$P(*y1/Q)}71 (y1 — Vna) (46)
and
v3(v) =vp(v) {O 4{142/(1+ exp((v+ 25)/5))}}_
Weo,n(v) =1/{1 + exp((v + 30)/8.3)}
v4(v) =vy(v) = (1 + exp(—(v + 70)/10))/{0.8(1 + 2/(1 + exp((v + 25)/10))) } (47)
Woo,n(v) =1/{1 4 exp(—(v+31)/5.3)}
Vs (V) =Ump (v) =1
Woo,my (V) 1/{1 + exp(—(v+ 55)/7)}
V6(v) =vp.(v) =0.1
(v) =

See Appendix 4 for the values of the various parameters used in the DA cells simulations in Fig. 11.
XXXXXXXXComments on figures here.
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Figure 11 — Bursting activity of isalated autonomous DA cells, k¢, = 1.5, from Li et al. ( [1]).

3.2.4 The Golomb, Donner, Shacham, Shlosberg, Amitai, Hansel model ( [36]) of striatal fast
spiking (F'S) interneurons (networks &7; and % ).

The &2; and g networks of F'S interneurons in the striatum are made up of cells whose evolution of the
membrane potential was modeled by Golomb and his collaborators. This model is made of a single somatic
compartment while the number of variables describing the activity of the channels is m; = mg = 4. The
equation of the current balance is

1"(0,7) = = Ina(v, h) = Icar(v,n) — Lo(v,a,b) — gr(v — Vi) (48)

k=1,8
where v is the membrane potential of the soma, Iy, is the Na™* current for which the gating variable m is
instantaneous, reaching the value dependent potential limit m, and h evolves according to a Hodgkin Huxley
type dynamic (H H) potential dependent. On the other hand, Ik 4, is a delayed rectifier Potassium current, the

H H gating variable being n. Finally, a potassium current I;, which has a fast activation and a slow inactivation,

is expressed in terms of the gating variableq a and b (70) .. In addition, using our notations (see []), the Psik
functions .....

Ing(v,h) = gnam (V)h(v — Vivg)
Iar(v,n) = grarn®(v — Vi) (49)
Ii(v,a,b) = gda?’b(v —Vk)
with

Moo (v) = {1+ exp(—(v — Om) /om)} ! (50)
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In addition, (see (3)), the 4-components functions (I\lk(v, 7),k = 7,8, which control the voltage-gated channels

dynamics, have the following form

\Ilf(v,?) = (Wi,00(v) —wy)/Ti(v) i=1,..,4 (51)
wy = h,wy =n,wz =a,ws =b, k=78

with

(Wio0 (V) = {1+ exp(=(v = Ou,) /0w)} " i

wy = h,we =n, w3z =a,ws =b

(V) = 0.5+ 14{1 + exp(—(v — Ou) Jon)} "

7 (v) = {0.087 +11.4/{1 + exp((v + 14.6)/8.6)}}{0.087 +11.4/{1 + exp(—(v — 1.3)/18.7)}}

Ta(V) = To, Tp(V) = T

See Appendix 4 for the values of the various parameters used in the F'S interneurons simulations.
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Figure 12 — Noise induced activity of FSI cells from Golomb et al.( [36]).

3.3 The connectivity model of the basal ganglia.

In this section, wel introduce the ingredients useful for the characterization of the various synaptic currents
between cells of the same population and between cells of different populations. The sigmidal functions (10)
and the x* parameters in (23) were chosen identical for all the contacts.
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3.3.1 Interactions in Str between DIMSN cells in &, and D2MSN cells in %,.

The MSN cell model of the striatum that we are considering consists of a soma and a 3-compartment dendritic
system. Referring to the general expression of synaptic currents (8) (9), the following parameters are introduced
in order to describe the interactions between D1M SN cells of &1, between D2M SN cells of &5, and between
Py cells and P cells (Fig. 13) : WD Wws(22) 1s(1.2) 17521 are "equilibrium" XX values used to specify
the excitatory or inhibitory nature of the connection, synaptic contacts taking place on the soma of postsynaptic
cells. WL 17d:(2.2) 1y74:(1.2) J74:(2.1) are vectors with 3 components of the" equilibrium" XX values (for
synaptic contacts taking place on the dendrites of postsynaptic cells).

DIMSN and D2MSN cells are GAB Aergic. Equations (23) model the transfers of GABA neuromediators.
The #%9 functions (11), which enter into the dynamics of the synaptic variables 5”3-5’7 and <7}d"’ (for the

gt cell, v = 1,2), through these equations, are defined using the following parameters : x*', x*?2, x%!, x®2,
T]:’l,TI:’Q,Tg’l,Tg’Q k =1,2,3. These are real parameters which are affiliated to somas and dendritic compart-
ments. For these later, they are taken identical.

Finally, the connection system of MSN cells in the striatum is completed by a Hebbian approach to the maxi-
mum values of synaptic conductances I'*:(7:®) T9:(7:2) 5 =1 2 which are time dependent. The latter have the

form

s,1
)

o) (@] 89) = J> )oY i=1,2,... K, j=1,2..., Ky a,7y=1,2 (53)

y Lxyy

The law of evolution of variables @] which was formulated in general in (14), takes the following form, for
the it" MSN cell in 2; and the j** MSN cell in 2,

NV, @}) = —al@! + 5lo* (1)
P(V7,23) = —a*®? + 520" (V) (54)

where o is a sigmoidal function of the same type as in 10, «”, 57,y = 1,2 being real parameters. For all
the other cells in the Basal Ganglia system, the <I>J7 variables, are in fact considered to be constant over time,

for v = 3,..,7 and each ;" cell.
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(a) Coupling between DIMSN and (b) Interactions between SNc and ST'r. (c¢) Interneurons model.
D2MSN cells in striatum under cortical
input.

Figure 13 — XXXX.
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3.3.2 Interactions between DIMSN cells (£;) and D2MSN cells (&%) with SNc¢ cells (%) and
interneurons (%; and %%).

The connection model between SNe¢ cells (resp. interneurons) and DIMSN (resp. D2MSN) cells is a more
simple model than that considered in the previous section insofar as the connections between cells are made at
the somas level (Fig. 13). Connections between SNc¢ cell (resp. interneurons) somas and dendritic compartments
of DIMSN (resp. D2MSN) cells are not considered. The parameters which control the dopaminergic (resp.
cholinergic) character of the transmission originating from SNc¢ cells (resp. interneurons) and projecting onto
DIMSN (resp. D2M SN) cells are noted, following (8), (11): for the equilibrium values, achieving the excitatory
or inhibitory character of the connection, W*(1:6) (resp. W*(29)) for SN¢ connections, W* 17 (resp. W*(27)
and W8 (resp. W*28)) for interneurons connections. The parameters of the .#*¢ functions for SNc¢
connections are x*®. They are x*7 and x*® for interneurons connections. These later parameters are identical,
in each case, for the DIMSN and D2MSN cells.

3.3.3 Interactions between DIMSN, D2M SN cells in Str and cells of GPi (Z%3).

Firstly, let us consider the direct pathway between Str and GPi. As in the previous section, the connectivity
model between D1M SN and G Pi cells comes down to contacts taking place at the somas of the 2 types of cells
(Fig. 14).The parameters used to provide DIMSN cells with GABAergic properties are W* &1 and x*!, this
later is the parameter for the corresponding .#*¢ function.

Along the indirect pathway, the transmission between D2M SN cells and those of GPe (£,) is also done

in a GABAergic manner. Here, the parameters are W*(*?) and x*2. Between GPe and STN (Z), the
neuromediators are also GABA. The parameters are W* (% and x**. Finally, between STN (Z5) and GPi
(23), the connection is Glutamergic. The settings here are W*(35) and x> (see (Fig. 14)).
The various characteristics of the neural subnetworks of the simplified system of the Basal Ganglia having been
presented, we give in what follows an application of the general method (section ( ??)) allowing to obtain
informations, within the framework of approximations due to noises of small amplitude called DSAM, on the
evolution of statistical quantities such as mean values, variances, covariances of state variables such as membrane
potential of somas, dendritic compartments or indeed activation and inactivation variables of ionic channels of
the various types of cells considered in the constitution of the system. Recall that the DSAM method is based
on a set approach of the mean field type where the various subsystems are made up of a very large number
of cells. Finally, the procedure followed will be that of finding relations, along the rules of DSAM, between
cortical entries into the striatum and outputs taking place at the G Pi level.

Tnpl
_ 4 ( ,,,,,, Tt
\
v.lL N .)4\“,“ ;—\(‘" v
SN ) T J
Tnk — ) E
GPe
cRBA | GARA
’Lk"\ N {\A\\
SvN
o 1 ,iv Oubput
Gtu \
3’ g \ 5.0‘;‘ - ‘ 3
' P ‘
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Figure 14 — XXXX.
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4 Numerics and parameter settings.

Numerical simulations were performed using double precision floating point arithmetic on a Intel Xeon computer
with 32 processors. Euler’s method was used to solve the system of stochastic differential equations (1)-(3),
with a time step ¢ = 0.01s. The ordinary differential equations of the DSAM system (approximate moments)
were solved using a 4" order RungeKutta method, with the same time step. The number of cells for the &,
and &5 networks has been set at K1 = K> = 100 while the number of trials is A},;a1s = 50.

The means and variances were evaluated according to the same scheme as described in [6]. In the evaluation
of the various moments calculated from the DSAM system, the difficulty lies essentially in the appearance
of divergences occurring after a time that generally corresponds to a relatively limited number of patterns.
However, these discrepancies can be controlled by a detailed analysis of the initial conditions. When this
control is obtained, the comparison of the computation times required to solve DSAM and stochastic systems
is clearly to the advantage of the first method.

For example, for 2 coupled systems such as &?; and s, consisting of K1 = Ky = 100 cells, with a
number of dendritic compartments of small size (d; = 1,ds = 3) and ionic variables in relatively small number
(my = 6,mq = 2), the number of random equations is (dy + m; + 1) * K1 + (d2 + ma + 1) * K3, to which
are added (K3 + K2) equations for the connection variables. Finally, the number of equations to be solved is
23:1(d7 +my +2) x K % Nipiars = 80000. The DSAM system, for a &2, network, consists of 5+ 3(dy +my) +
2dy(dy +1) + dym. + $m(m, + 1) equations, i.e. for the coupled &, and &, networks system, 89 equations.

e Parameters for D1MSN and D2M SN cells in Striatum, £?; and 5.

Neuromodulatory factors: p = 6.0, = 0.05. C! = C% = 1uF/em?, Grir = pl.2mS/em?, Gre =
0.5mS/cm?, g, = 0.3mS/cm?. Egi = —90mV,Exy = —90mV,Ep, = —75mV,Es = 20mV. Vi =
—110mV, Vg = —11mV, Vie = —13.5mV, Ve = 11.8mV. T = 310.16K, [Ca); = 10pmol/cm?, [Ca)est =
2pmol /em?. }SL,CG = pd.2nm/s, Voa_n = —34mV, Voa_e = 6.1mV. Gna = (120mS/em?, G = (10mS/cm?,
VNa = 50mV, Vi = =77mV, § = 20ms, Ninp = 500. gmin = 0.01mS/em?, gmaz = 0.05mS/cm?.

Tonas = 0.3, ¢ = 0.008. Ty = 25, Ty = 1.1s, Ty = 0.5s.

XXXmol ==>7 M

e Parameters for cells in the internal and external globus pallidus GPi and GPe, &3 and Zy.
C3 = C* = 1uF/em?,g;, = 0.1mS/em?, gna = 120mS/em?, g = 30mS/em?, gr = 0.5mS/cm?, goqa =
120m.S/cm?, gagp = 30mS/cm?, vy, = —55mV,vN, = 55mV, v = —80mV,ve, = 120mV, 70 = 0.05ms,
T,? = 0.05ms, 7} = O.27m5,7’é = 0.27Tms, 1, = 30ms. o], = —12mV, 0] = —12mV, 0] = —40mV,
0, = —40mV. o = 10mV,o, = 14mV,0p = —12mV,0, = —2mV,0, = 2mV,0, = 2mV. ¢, =
1,6, = 0.1,¢p, = 0.05,kc, = 15X XX,k = 30XXX,e = 0.0001XXX,0, = —-7T0mV,0,, = -3TmV, 0, =
—50mV, 0, = —58mV, 0, = —35mV, 0, = —5TmV,

e Parameters for cells in the subthalamic nucleus ST N, %s.
C? = 1uF/em?, g1, = 2.25mS/em?, gna = 37.5mS/em?, gx = 45mS/em?, gr = 0.5mS/cm?, gcq = 0.5mS/em?,
gamgp = 9mS/em?, vy = —60mV, vy, = 55mV, v = —80mV,vo, = 140mV, 70 = 1ms,
7';? =1ms, 7} = 100ms,7’,1 = 500ms, 70 = 7.1ms, 7} = 17.5ms. o7, = —26mV, op = =3mV,07 = =80mV, o] =
—22mV, 0] = =5"mV. o, = 16mV,0, = 8mV,0y, = =3.1mV,0, = —2mV,0, = 7.8mV,0, = 8mV, 0y =
0.07. ¢, =1,¢, =0.1,0;, = 0.05,kcq = 15X X,k = 30X X, e =0.0001X X, 0, = —-67mV,0,, = -30mV,0, =
—-32mV, 0, = —39mV, 0, = —39mV,0, = —63mV, 0, = 0.25,07 = 68mV,

e Parameters for DA cells in the substantia nigra pars compacta SNc¢, P.

The soma and dendritic membranes have the same specific capacitance C¢ = C% = 1uF/em?. gy, =
3.2mS/em?, gcar = 1.5mS/em?, gk prs = 3.2mS/cm2,gK(Ca) = 1.2mS/em?, g. = 0.1mS/em?, gk prp =
0.14mS/cm?, gnmpa = 1.25mS/em?, gr = 0.18m.S/em? are conductancesXX, Vg = 50mV, Vo, = 120mV, Vi =
—85mV,q =12.5mV, Vyppa = 0mV, Vi, = —=50mV are equilibrium values XX, K¢, = 0.4uM,[Mg*TT]o =
L4AmM, Kprg = 10mM, Ryump = 18uA/em?, T([Nal, eq) = 8mM, a = 0.173mM.cm? /uA.s,

B = 0.104uM.cm?/pA.s, ko = 1571,

The coupling current parameter between soma and dendrite in DA cells, is ppa = 0.35.

e Parameters for F'S interneurons in Striatum, &?; and 5.

Cl =C8 =1pF/em?, g1, = 0.25mS/em?,Vy, = =70mV, gno = 112.5mS/em?, Vo = 50mV, 0,, = —24.0mV <===
XXXXX, 0, =115mV,0, = —58."mV, 0, = —6.TmV, 0, = —60mV, o4, = —12mV, g ar = 225mS/cm?, Vi =
—90mV, 0, = —12.4mV, 0, = 6.8mV,0, = —50mV,0, = 20mV, 1, = 2ms,0, = —70mV,op, = —6mV, 17, =
150ms, gqg = 0.5mS/cm? <==== XXX X X.
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5 Appendix: The mean field equations.

Let us denote by

Pe((Z0)ie) = Pe((Z})im12. krs -5 (2] ) j=1.2 Kp) (56)
the joint probability distribution of the stochastic variables (Z8); o = (Z8)5 11227___1 Ilfja'
The Fokker Planck equation for the system (17) is
9 P 5
a Z7) la = ZZ aZv (F7 Z’Y)pt((Zi )l ) (57)

’Y

—ZZ Z Z/WZ”Z‘I t(Z)i0) +IZZ/5V ”pt«zim
2 V

’Y_lll 1 y=11i=1

We now adopt the Klimontovich approach [13] which has been successfully developed for the kinetic theory of
gases and plasmas. The method is here adapted to the derivation of a probabilistic description of the system
(17) of noisy interacting spiking neural populations with multicomponent and multicompartmental structure
(see also [6]).

One defines the following set variable

1A
- ;5(@ -U) (58)

where §(+) is the Dirac distribution and Z! is the solution of (18) written for the population &2,. Z! and U
are in R%+m:u+2 The expectation value of the stochastic variables .4 *(U) with respect to the probability
distribution p; is denoted by n}'(U), so that

i (U) = (A H(U))y,- (59)

We call n}’(U) the neural population probability distribution (PPD) for the population &,,. In the following,
we call € the integration space over all variables Zf, l=1,2,...,Ks, d=1,2,..., P. Wenow derive an equation

for nf'(U). The time derivative 2n{ (U) is composed of 3 terms
W) =1+ + 3 (60)

Let us consider each of them separately. The first one, v} is given by

P K K.
n=- / HHdeZZ azv PP} 7 D62 - D). (61)
5=11=1 y=1i=1 T

Being a probability distribution, p; has nice vanishing properties for sufficiently large values of the variables
Z!". Thus, a simple integration by parts on (61) enables us to deduce the following expression for 7'

P Ks K,
g 1
o4 */ HHde Z{P (Z)pe(( i)i,a)}ﬁfZ‘s(Zf*U)- (62)
5=11=1 ~y=1i=1 |

Clearly, az” Z 4 0(Z —U) = 0if v # p, so that

d 0 .
W (5(ZJH—U) 875(2“ U),Z:1,27...,KM.
K3 j=1
Hence (62) can be rewritten
P Ks 1
g u ay . _ Ko
503 [ 11114 S U200} oz ) (63)
d=11=1 =1
P K
{ [ 1L ezt i @yre @y <<Zf>i,a>}}. (69
Qs=11=1
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Finally, using (59), 74" is given by
-0
= o= (FH U (U)).

n
L7 U

v

Let us now consider the second term ~4 in (60)

P Ks

%= / HHle ZZ&Z"’ {Z Z%W 2 )pe((Z2 )za)}lz&Zf—U).

6=11=1 y=11i=1

By the same argument used for the derivation of (65), an integration by parts in (66) implies

TR NIEED 3051 P ot oRAE DRI S SR

(67)

6=11=1 vy=11i=1 (a=1
P Ks 1
Z/HHdeZ z//wvzl Pul(Z2)1) 012~ U)
Qs5=11=1 i=1 #
o P Ks K, Ko
- au’ dZ, —_— AU, U M )02 —UNs(Zx — U’
U;/Rm S, IITL 020 S g St @m0 a2t = O)0(25 U1
o P P Ks
=—= dU/ AZ0 " (U, U")py ((Z2); o) N *(U) N (U
50 2 et [ I Wi Z2)s) V)V

which again leads to

D &
P— E U../*(U. U’ I !
72 oU a_1/Rda+ma+4d AT WA )NV

(68)

The term 4 has been obtained without the use of approximations and hence is exact. However, it is not
really useful in applications. A way to go further consists in making the so called mean field estimate (see Ref)

(AHO)A U ))p, = AN U)o (A (U

(69)

This approximation is valid because the fluctuations of A4 #(U) (resp. A4 *(U’)) are small for K, (resp. K,)

large and are O(\/%) (resp. O(\/%))
Accordingly, the coupling term 4 takes the form :

P
E / dU' " (U, U nl (U)ng(U").
1 J Rdatmats

The last diffusive term 4 can be derived in a similar fashion. It is given by

P Ks Ky Ky

o 1
= [I1]az Z > (B V“/ 5 2e(Z)ia) 7= > 6(2) = U).
2 5=11=1 y=1i=1 Boi—1
Integration by parts gives
1 P Ks P K, 92 K
=5 [ TITL420 32 S m(Zia) 5 Z (20~
2 5=11=1 y=1i=1 j=1
Here also, one has
P2 A
oz —U)=0if
B0 2 (Z] -U)=0if v #u
while «
0? o 0?
§5(z¥ -U) = 5zt —
o 218 O = et )
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Thus

So

P Ks 2

K
=5 [ T a2(Z)00) 3 00 a2t = U (75)

I
6=11=1 i=1

P Ks

Syl s | (7T (CAINES SrC7a )

5=11=1 Hoi=1

and hence

6

N2 82
=) ™)

Conclusion
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